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Abstract. The regularized trace formula of first order for the Sturm-Liouville 
equation with spectral parameter in the boundary conditions is obtained. 



Consider the boundary value problem 

-y"(x) + q(x)y(x) = Xy(x), xe[0,7r], 
A(y'(0) - MO)) = h iy '(0) - h 2 y(0), 
X(y'(7r) + Hy(ir)) = Hrffr) + H 2 y(n), 

where q(x) £ W 2 X [0, it] is a real-valued function, h, hi, h 2 , H , Hi , H 2 G K and 

5 := hhi -h 2 >0, p:= HHi - H 2 > 0. 
Let <p(x, X) be the solution of (p} satisfying the initial conditions 

<p(0, A) = hi - X, <p'(0, X) = h 2 - Xh. 
We denote s := VX. Since ip(x, X) satisfies the integral equation 

2 2 sinsx f sin[s(:c — t)] 



ip(x, X) = (hi - s ) cos sx + (h 2 - hs ) h / — — -q(t)(p(t, X)dt 

s J s 



and the estimate 

^T,A) = 0(| s | 2 e l Im ^), 
one can obtain the following representations: 

cp'(x, A) = s 3 sin sx — [ h H — f q(t)dt ] s 2 cos sx— 
\ / 

h 1 + q -^^ + ^J qm + l^J q m 

l'(t) sm[s{x - 2t)]dt + O (el lms ^ 
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Denote by x(A) the characteristic function of dH) — dSJ) : 

X (A) := (A - Hx)<f?(ir, A) + (XH - H 2 )<p(ir, A). 
From (j4|) and |5j) we have 

s 3 f 

x(A) := s 5 sins7r — ws 4 cos sir — luis 3 sins7r — — / q'(t) sin[s(7r — 2t)]dt+ 

o 

+ C>(js| 2 e |Ims| ") , (6) 

where 

w:=h + H+- I q(t)dt, 



2 



Wi := hi +H 1 +hH+ qilT) + g(0) + / f ~ I / q (l),U 



The eigenvalues of the problem ([T])-© are real and coincide with the zeros of the 
function x(A)- From © we obtain 



n(n - 2) "* 



n-2 + — + 7%, {Cn}e/ 2 . 



Then 



,2 , 2w 



Therefore 



A„ = < = (n - 2) 2 + — + ^, {£„} G h- (7) 
7r n 

s A := A + Ai + ^ f A„ - (n - 2) 2 - — I < oo. (8) 

The series ((8]) is called the regularized trace of first order (or the first regularized 
trace) for the problem H])-©- Analogously, one can define the second, the third etc. 
regularized traces. Note that the second regularized trace formula for the Sturm- 
Liouville problem with spectral parameter in a boundary condition has been found 

i» 

Since x(A) is an entire function of order 1/2, from Hadamard's theorem (see [2j 
Section 4.2]), using ((6]) we obtain 

00 A - A 

X (A) = tt(A - A )(A - Ai)(A - A 2 ) J] -^—^ (9) 



n— 3 

,2 



Let A = — /j 2 . We calculate the sum s\ of the series © by comparing the 
asymptotic expressions obtained from formulas © and © as fi — ► oo. From the 
formula (HJ) we have 

X(V) = -tt(m 2 + A )(m 2 + Ax)^ 2 + A 2 ) J] = 

n=3 ^ U ' 

= (P 2 + A o)(^ 2 + Ai)(^ 2 + A 2 ) shTT/j. ^ 



TRACE FORMULA FOR THE STURM-LIOUVILLE EQUATION 



where 



*M=n i 



n=l 



n 2 - X n+2 
/i 2 + n 2 



We need the formulas (see [3]) 



- 1 ~ | n 2_ A I* 



E i. X/ 



Vi+2 I 



and 



fc=2 n 



oo 

E^r 1 

^ // 2 -4- 



k ^— 4 (/i 2 + n 2 ) k 



7T 1 



-J // 2 + n 2 2\i 2 
Using (|7|) and JT2]) we have 

1 ^ / 2 2uj\ n 2 1 ^ 

u ■* — ' V 7r / u z + n u ■* — ' u, + n' 1 

n—1 x ' n— 1 



< 



< 



E 



i 2 Q 

< 



E 



/i 2 + 7i 2 



oo 1 

v — 

\ 1 M 2 + ™ 2 

^ n=l r 



where 



fi := 



i E^ <0 °- 
\ n=3 



From ([TTJ(, (H2) and (13]) we calculate: 



ln$( M ) = ^(l- 



n 2 - A ra+ , 
/z 2 + n 2 



^ E l ,,2 | „2 

n=lfc=l v ^ 



X5 * 

E E 

fc=i n=i 

^ ^i 2 + n 2 + ^ 

iff* 



2w 



i 2 — 
^ V /i 2 + n 2 



E 



«- 2 - A„ +2 



^ (i 2 + n 2 



7T ^ (Jb'+Tl' 

n—1 n—1 



n=l 
1 



A„ +2 - w 2 



2uA 1 



2w\ 1 



7r y /i 2 + n 2 



7T J fl^ 



2 E A »+ 2 - n2 



1 

m 2 / ^ 

2u\ n 2 



7r y /i 2 + n 2 



u> cj 1 



2 H 2 I SA _ A ° _ Al _ ^ 2 



2u; 



+ ^ (sa - A - Ai - A 2 + ^) + o ( 



U) 1 

/i 



Therefore 



*/n, w 1/ » » , to to 2 
$(/*) = 1 + - + — sa - A - Ai - A 2 + - + — 
a u z \ 7r 2 
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and from ITUl) 



x( V) = ^ (V - V + M 3 U + £ + y ) + o (//) ) . ( I 4) 



The estimate ([S]) implies 



X(-M 2 ) = ^ (-M 5 - <V + ^/i 3 + o ( A1 3 )) . (15) 
Comparing (TT1]) and (fT5|) we obtain the following trace formula: 



A + A! + ( A » - (" - 2 ) 2 



I) 



ra=2 

,2 



„ 9 W + 9(0) h + H fr 2 + # 2 1 /" w „ 
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